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REGULARIZATIONS OF RESIDUE CURRENTS
JAN-ERIK BJÖRK & HÅKAN SAMUELSSON
Abstrat. Under assumptions about omplete intersetion, we
prove that Cole-Herrera type urrents satisfy a robust alulus
in the sense that natural regularizations of suh urrents an be
multiplied to yield regularizations of the Cole-Herrera produt of
the urrents.
1. Introdution
Let f be a holomorphi funtion dened on the unit ball B ⊂ Cn.
Then 1/f exists as a prinipal value distribution, or rather as a (0, 0)-
urrent, on B, i.e.,
lim
ǫ→0+
∫
{|f |>ǫ}
ϕ/f
exists for ϕ ∈ Dn,n(B) and denes a ontinuous funtional on Dn,n(B).
This was rst proved by Herrera-Lieberman, [17℄, using Hironaka's the-
orem on resolutions of singularities. In fat, by Hironaka's theorem one
may assume that f is a monomial, and in that ase it is possible to
ompute the limit by hand. The proof also shows that one may take the
limit of integrals over {|f˜ | > ǫ}, where f˜ is any holomorphi funtion
suh that f˜−1(0) ⊇ f−1(0). The urrent 1/f is obviously losely related
to division problems; if h is holomorphi then h/f is at least a urrent,
and it is holomorphi if and only if it is ∂¯-losed, i.e., if and only if
0 = ∂¯(h/f) = h∂¯(1/f). Hene, h is in the ideal, 〈f〉, generated by f if
and only if h annihilates the urrent ∂¯(1/f). This urrent learly has
support on Zf = f
−1(0) and it is related to Lelong's integration urrent
[Zf ], see [20℄, by the Poinarè-Lelong formula: 2πi[Zf ] = ∂¯(1/f) ∧ df .
The urrent ∂¯(1/f) is alled the residue urrent assoiated to f and it
is thus an analyti objet that desribes the algebrai-geometri objet
〈f〉.
Now, let V be a pure n-dimensional analyti subset of a omplex N-
dimensional manifold X and let f : X → C be a holomorphi funtion
suh that V \f−1(0) is a dense subset of Vreg. Then the prinipal value
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of 1/f exists on V , i.e.,
(1) lim
ǫ→0+
∫
V ∩{|f˜ |>ǫ}
ϕ/f
exists for ϕ ∈ Dn,n(X) and holomorphi f˜ with f˜−1(0) ⊇ f−1(0) and
yields a well dened urrent denoted (1/f)[V ]. The existene of this
limit follows from the ase V = B by Hironaka's theorem. A sheaf of
urrents on X supported on V is then obtained by applying holomor-
phi dierential operators to suh urrents. This sheaf is (equivalent
to) the sheaf CHV [∗S], see Denition 3, and it is this kind of urrents
we will onsider in this paper. The kernel of ∂¯ in CHV [∗S] is denoted
CHV and is atually suiently ample to represent moderate ohomol-
ogy in the sense that CHV ≃ HP[V ](OX), see [14℄; here P = N − n is
the odimension of V . The notation CH refers to Cole-Herrera type
urrents.
Let us return to the ase V = B ⊂ Cn and onsider a holomorphi
mapping f = (f1, . . . , fp) : B → Cp. To nd a urrent that desribes
the ideal, 〈f〉, generated by f1, . . . , fp it is tempting to try to dene the
produt ∂¯(1/f1)∧· · ·∧∂¯(1/fp). If f denes a omplete intersetion, i.e.,
f−1(0) has odimension p, it is possible to give a well dened meaning
to this produt. This was rst done by Cole-Herrera, [13℄, as follows.
Let ϕ ∈ Dn,n−p(B) and put
Iϕf (ǫ) :=
∫
∩{|fj |2=ǫj}
ϕ/(f1 · · · fp).
Cole-Herrera proved that the limit of Iϕf (ǫ) as ǫ → 0 along any ad-
missible path exists and denes a urrent of bidegree (0, p), denoted
∂¯(1/f1)∧ · · ·∧ ∂¯(1/fp) or Rf for short, that is alternating with respet
to the ordering of the tuple f . Admissible path here means that ǫ→ 0
along a path in the rst orthant suh that ǫj/ǫ
k
j−1 → 0 for j = 2, . . . , p
and all k ∈ N. It was later proved by Dikenstein-Sessa, [14℄, and Pas-
sare, [21℄, independently that Rf desribes the ideal 〈f〉 in the sense
that its annihilator is preisely 〈f〉. We remark that even if f does not
dene a omplete intersetion, the limit of Iϕf (ǫ) along an admissible
path exists but does not yield a well dened urrent assoiated to f as
one easily sees from the simple ase f1 = z
2
, f2 = zw. Currents desrib-
ing general ideals have reently been dened by Andersson-Wulan, [6℄;
see also Setion 6 below.
From now on we stik to the (generi) ase that f denes a om-
plete intersetion. The rst question raised by Cole-Herrera in [13℄
is whether it is neessary to take limits along admissible paths or
not. It turned out to be neessary; Passare-Tsikh, [24℄, showed that if
f = (z4, z2+w2+ z3) then Iϕf (ǫ) does not have an unrestrited limit as
ǫ→ 0 (for all ϕ). A generi family of examples with this property was
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later found by the rst author; even examples with Iϕf (ǫ) → ∞ along
ertain paths are onstruted, see, e.g., [12℄; see also Pavlova, [26℄.
However, our main theorem implies that the mild average of Iϕf (ǫ),
Iϕf (ǫ) :=
∫
s∈[0,∞)p
Iϕf (s) dχ1(s1/ǫ1) ∧ · · · ∧ dχp(sp/ǫp),
where χj ∈ C∞([0,∞]), χj(0) = 0, and χj(∞) = 1, depends Hölder
ontinuously on ǫ ∈ [0,∞)p and tends to the Cole-Herrera produt
Rf as ǫ→ 0. In fat, we prove
Theorem 1. Let X be a omplex N-dimensional manifold, V ⊆ X
an analyti subset of pure dimension n, and f = (f1, . . . , fq) : X →
Cq a holomorphi mapping suh that (f1, . . . , fp, fj) loally denes a
omplete intersetion on V for p + 1 ≤ j ≤ q. Let also χj, 1 ≤ j ≤ q,
be smooth on [0,∞], vanish to order ℓj at 0 and χj(∞) = 1. Then for
any µ ∈ CHV and ϕ ∈ DN,n−p(X) we have∣∣∣ ∂¯χǫ1 ∧ · · · ∧ ∂¯χǫpχǫp+1 · · ·χǫq
f ℓ11 · · · f ℓqq
∧ µ.ϕ
−∂¯ 1
f ℓ11
∧ · · · ∧ ∂¯ 1
f
ℓp
p
1
f
ℓp+1
p+1 · · · f ℓqq
∧ µ.ϕ
∣∣∣ ≤ C‖ϕ‖Mǫω,
where χǫj = χj(|fj|2/ǫj), and M and ω are positive onstants that only
depend on f and Supp(ϕ), while the positive onstant C also might
depend on the CM -norm of the χj-funtions.
Let V = X , µ = 1, ℓj = 1 and let the χj be smooth regularizations
of the harateristi funtion of [1,∞); by this we mean that χj is a
smooth inreasing funtion on [0,∞) that is 0 lose to 0 and 1 lose to
∞. The theorem implies that the smooth form
(2) ∂¯
χǫ1
f1
∧ · · · ∧ ∂¯ χ
ǫ
p
fp
· χ
ǫ
p+1
fp+1
· · · χ
ǫ
q
fq
onverges unrestritedly to the mixed residue and prinipal value ur-
rent
(3) ∂¯
1
f1
∧ · · · ∧ ∂¯ 1
fp
· 1
fp+1
· · · 1
fq
introdued by Cole-Herrera, [13℄, and Passare, [22℄. It is proved in [22℄
that if ǫj = δ
sj
, then (2) has a limit, independent of s = (s1, . . . , sq) ∈
Rq+, as δ → 0+ as long as s avoids nitely many hyperplanes Ha = {t ∈
Rq+; t · a = 0}, a ∈ Nq; we say that ǫ→ 0 inside a Passare setor. Our
result is thus a sharpening and a generalization of Passare's result and
shows that there is a robust alulus for Cole-Herrera type urrents.
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In partiular, we have the appealing formula
Rf .ϕ = lim
ǫ→0
∫
X
∂¯
f¯1
|f1|2 + ǫ1 ∧ · · · ∧ ∂¯
f¯p
|fp|2 + ǫp ∧ ϕ, ϕ ∈ DN,N−p(X),
whih follows by taking χj(t) = t/(t + 1).
Another approah to the Cole-Herrera produt, Rf , is based on
analyti ontinuation of urrents, a tehnique with roots in the works of
Atiyah, [8℄, and Gelfand-Shilov, [16℄. In the ontext of residue urrents,
it has been developed by several authors, e.g., Barlet-Maire, [9℄, Yger,
[29℄, Passare-Tsikh, [23℄, Berenstein-Gay-Yger, [11℄, and by the seond
author in the reent paper [28℄. Computing the Mellin transform of
the integral in (1) (onsidered as a funtion of ǫ) one obtains
(4)
∫
V
|f˜ |2λϕ/f
if Reλ >> 1. One an show, either by using a Bernstein-Sato fun-
tional equation or by omputing diretly in a resolution of V where
f−1(0) has normal rossings, that (4) (as a funtion of λ) has a mero-
morphi ontinuation to all of C and that its poles are ontained in
an arithmeti progression {−s − N}, s ∈ Q+. It is thus analyti in a
neighborhood of the origin, and moreover, its value there denes the
ation of a urrent. This urrent is the urrent (1/f)[V ], as one easily
shows in a resolution.
The Cole-Herrera-Passare urrent (3) an be obtained in a similar
manner; onsider the funtion
(5) λ 7→
∫
X
∂¯|f1|2λ1 ∧ · · · ∧ ∂¯|fp|2λp|fp+1|2λp+1 · · · |fq|2λq
f1 · · ·fq ∧ ϕ,
where f denes a omplete intersetion on X and Reλj >> 1. One
an similarly show that it has a meromorphi extension to Cq. It
was reently showed by the seond author in [28℄ that it atually is
analyti in a neighborhood of ∩j{Reλj ≥ 0}. By results of Yger,
it was known before that the restrition of (5) to any omplex line
of the form {λ = (t1z, . . . , tqz); z ∈ C}, tj ∈ R+, has an analyti
ontinuation to a neighborhood ontaining the origin and that the value
there equals (3). Moreover, it was also known that if q = 2, then (5)
has an analyti ontinuation to a neighborhood of the origin in C2; see,
e.g., [10℄, [11℄ for proofs. Event though not expliitly stated in [28℄, we
remark that it follows from the proof that one may replae X in (5) by
a pure dimensional analyti subset V of X and still have analytiity in
a neighborhood of the origin.
We onlude the introdution with the simple but useful observation
that expressions like χ(|f |2/ǫ)/f ℓ essentially are invariant under holo-
morphi dierential operators. More preisely, if χ ∈ C∞([0,∞]) and
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vanish to order ℓ at 0, then
(6)
∂
∂zj
χ(|f |2/ǫ)
f ℓ
=
∂f
∂zj
χ˜(|f |2/ǫ)
f ℓ+1
,
where χ˜(t) = tχ′(t)− ℓχ(t) is smooth on [0,∞], vanishes to order ℓ+1
at 0, and χ(∞) = −ℓχ(∞).
2. The ase of three funtions
We rst note that Iϕf (ǫ) might be disontinuous already when f =
(f1, f2) onsists of two funtions as the Passare-Tsikh example shows.
The tehnial reason is the presene of harts of resonane, i.e., harts
on the resolution manifold where it is not possible to hoose oordinates
so that the pullbak of both f1 and f2 are monomials. To deal with
the harts of resonane the smoothness of the χ-funtions has to be
used; we refer to [27℄ for the details. In the ase of three funtions a
new diulty arise; it is no longer a loal problem on the resolution
manifold to prove that
(7)
∫
∂¯
f¯1
|f1|2 + ǫ1 ∧ ∂¯
f¯2
|f2|2 + ǫ2
f¯3
|f3|2 + ǫ3 ∧ ϕ
has an unrestrited limit. We illustrate this by onsidering a simple
example; the example of Setion 3 in [28℄. We let f1 = z1, f2 = z2,
and f3 = z3 in C3. Then, obviously, (7) has an unrestrited limit for
all (3, 1)-test forms ϕ in C3. Now, we let ϕ = φdz ∧ dz¯3, where φ is
a test funtion, we blow up C3 along the z3-axis, and we ompute (7)
on the blow-up. The blow-up has two standard harts, one of whih is
given by (w1, w2, w3) 7→ (w1, w1w2, w3) = (z1, z2, z3). Let us onsider
the ontribution, µϕ(ǫ), to (7) from this hart. One veries easily, using
Cauhy's formula, that limǫ1→0+ µ
ϕ(ǫ) = 0 for xed ǫ2, ǫ3 > 0. On the
other hand, one similarly shows that
lim
ǫ3→0+
lim
ǫ1→0+
lim
ǫ2→0+
µϕ(ǫ) = −(2πi)2
∫
z3
φ(0, 0, z3)
z3
dz3 ∧ dz¯3,
whih learly is non-zero for ertain hoies of φ. Both the harts on
the blow-up therefore have to be onsidered in order to see that (7) has
an unrestrited limit.
In general, however, what an be showed in eah hart separately is
that ∣∣∣ ∫ ∂¯ f¯1|f1|2 + ǫ1 ∧ ∂¯ f¯2|f2|2 + ǫ2 ∧ ( f¯3|f3|2 + ǫ3 − 1f3 )ϕ
∣∣∣ ≤ Cǫω3
for positive onstants C and ω that do not depend on ǫ1, ǫ2, see Propo-
sition 8 below. To see that (7) has an unrestrited limit it is therefore
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enough to show that∫
∂¯
f¯1
|f1|2 + ǫ1 ∧ ∂¯
f¯2
|f2|2 + ǫ2 ∧
1
f3
ϕ =
∫
∂¯
f¯1
|f1|2 + ǫ1
f¯2
|f2|2 + ǫ2
1
f3
∧ ∂¯ϕ
+
∫
∂¯
f¯1
|f1|2 + ǫ1
f¯2
|f2|2 + ǫ2 ∧ ∂¯
1
f3
∧ ϕ,
has an unrestrited limit. But now we have only two parameters and,
moreover, on the right hand side there is only ∂¯ in front of one of the
parameter depending fators. With an appropriate indution hypoth-
esis and the result of Proposition 8 one an then onlude that (7) has
an unrestrited limit; see Setion 6 for details.
3. Coleff-Herrera urrents
In this setion we review the fats we will need about Cole-Herrera
type urrents. The results are well-known but for the readers onve-
niene we supply detailed proofs. Let X be a omplex N-dimensional
manifold and let V ⊆ X be a redued subvariety of pure dimension
n. Put P = N − n and let JV be the ideal (sheaf) generated by V .
A (possibly singular) hypersurfae S ⊂ X is alled V -polar if V \ S
is a dense subset of Vreg. Reall from the introdution, f. (1), that
if h ∈ O(X) and h−1(0) is V -polar, then the prinipal value urrent
(1/h)[V ] exists. It is often onvenient to use the tehnique of analyti
ontinuation when working with this urrent; reall from the introdu-
tion that if h˜ is any holomorphi funtion suh that h˜−1(0) is V -polar
and ontains h−1(0), then
1
h
[V ].ϕ =
∫
V
|h˜|2λϕ
h
∣∣∣
λ=0
, ϕ ∈ Dn,n(X).
The next lemma shows, in partiular, that this kind of urrents have
the Standard Extension Property; a urrent µ has the Standard Exten-
sion Property with respet to a pure dimensional analyti set V if for
any holomorphi funtion g suh that V \ g−1(0) is dense in V we have
limǫ→0+ χ(|g|2/ǫ)µ = µ, where χ is a smooth regularization of the har-
ateristi funtion of [1,∞). Two urrents, µ and µ˜, whih both have
the Standard Extension Property and are equal outside a hypersurfae
H , i.e., µ.ϕ = µ˜.ϕ if ϕ has support outside H , are thus equal.
Lemma 2. Let h, f ∈ O(X) and assume that h−1(0) is V -polar and
that V \f−1(0) is dense in V . If χ is a bounded funtion on [0,∞] that
is identially 0 lose to 0 and ontinuous at ∞, then
lim
ǫ→0+
χ(|f |2/ǫ)
f ℓ
· 1
h
[V ] =
χ(∞)
f ℓh
[V ].
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Proof. By Hironaka's theorem one may assume that V is an n-dimensional
manifold and that {h · f = 0} has normal rossings. Loally one an
then hoose oordinates x suh that f = xα and h = vxβ , where v is
an invertible holomorphi funtion. Letting ϕ = φ dx∧ dx¯ we thus see
that χ/(f ℓh)[V ]. ϕ is a nite sum of terms like
(8)
∫
V
|xβ |2λχ(|x
α|2/ǫ)
xℓα+β
|v|2λ
v
φ dx ∧ dx¯
∣∣∣
λ=0
.
By Lemma 6 in [27℄ we an write
|v|2λ
v
φ =
∑
K+L<ℓα+β−1
xK x¯LΦK,L(λ, x) +
∑
K+L=ℓα+β−1
xK x¯LΦK,L(λ, x),
where eah ΦK,L, with K + L < ℓα + β − 1, is independent of at least
some oordinate xj . Using this, and hanging to polar oordinates,
one readily heks that the rst sum on the right hand side does not
ontribute to the integral (8). Substituting the seond sum into (8) the
singularity of the integrand vanishes and one may put λ = 0 and let
ǫ→ 0+ to obtain
lim
ǫ→0+
∫
r,θ
χ(r2α/ǫ)
∑
K+L=ℓα+β−1
eiθ·(K−L−ℓα−β)ΦK,L(0, re
iθ)drdθ
= χ(∞)
∫
r,θ
∑
K+L=ℓα+β−1
eiθ·(K−L−ℓα−β)ΦK,L(0, re
iθ)drdθ.
Computing (1/(f ℓh))[V ].ϕ in the same way, using the same desingular-
ization and hoie of oordinates one easily heks that this last integral
is what one gets (in the x-hart). 
Let Q be a holomorphi dierential operator in X and put µ =
(1/h)[V ]. It is lear that J¯V ·Q(µ) = 0 and that Supp(∂¯Q(µ)) ⊆ h−1(0).
Moreover, from the lemma it follows that Q(µ) has the Standard Ex-
tension Property. In fat, let {f = 0} be a hypersurfae in X suh
that V \ {f = 0} is dense in V , let χ be a smooth regularization of
the harateristi funtion of [1,∞), and put χǫ = χ(|f |2/ǫ). Then a
simple omputation shows that
(9) χǫ ·Q(µ) = Q(χǫ · µ) +
∑
j
Qj
( χǫj
fkj
· µ),
where Qj are ertain dierential operators and χ
ǫ
j = χj(|f |2/ǫ) with
χj smooth on [0,∞] and χj(∞) = 0; f. (6). From the lemma it then
follows that χǫ ·Q(µ)→ Q(µ).
With these fats in mind we dene the Cole-Herrera urrents on
V , CHV , and the Cole-Herrera urrents on V with pole along S,
CHV [∗S], for hypersurfaes S ⊆ X suh that V \ S is dense in V .
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Denition 3. (The sheaves CHV and CHV [∗S].)
A urrent µ of bidegree (0, P ) on an open set U ⊆ X is a setion of
CHV over U if
1) µ has the Standard Extension Property,
2) J¯V · µ = 0,
3) ∂¯µ = 0.
If µ satises 1), 2), and Supp(∂¯µ) ⊆ S, then we say that µ is a setion
of CHV [∗S] over U .
We have the following loal representation of Dolbeault-Lelong type
of urrents in CHV , and onsequently of urrents in CHV [∗S]; see
below. The slik proof is taken from [2℄.
Proposition 4. Let X be a neighborhood of the losure of the unit ball
B ⊂ CN and let µ ∈ CHV . In B, there is a holomorphi dierential
operator Q, a holomorphi n-form ϑ, and a holomorphi funtion h
with V -polar zero set, suh that
(10) µ.(ϕ ∧ dz) = lim
ǫ→0+
∫
V ∩{|h|>ǫ}
Q(ϕ) ∧ ϑ
h
, ϕ ∈ D0,n(B).
Proof. Let y ∈ V and assume that we have loal oordinates w =
(w′;w′′) = (w1, . . . , wP ;wP+1, . . . , wN) so that V = {w′ = 0} lose to
y. If 1 ≤ j ≤ P we have by 2) in Denition 3 that w¯jµ = 0, and so,
by 3), we get dw¯j ∧ µ = ∂¯(w¯jµ) = 0. It follows, for any funtion φ
with support lose to y, that µ.(φ dw¯I ∧ dw) = 0 if dw¯I 6= ±dw¯′′. Let
Π: CNw → Cnw′′ be the standard projetion and dene
aα(w
′′) = Π∗(w
αdw′ ∧ µ/α!)
for α = (α′, 0). Sine µ is ∂¯-losed, the aα must be holomorphi. We
laim that
(11) µ =
1
(2πi)P
∑
α=(α′,0)
aα(w
′′)∂¯
1
wαP+1P
∧ · · · ∧ ∂¯ 1
wα1+11
lose to y, where the sum ranges over α with |α| less than or equal to
the order,M , of µ on B¯. Given the laim, the proposition easily follows
for test forms with support lose to y. In fat, by the Poinarè-Lelong
formula, we may take (−1)nP ∑α=(α′,0) aα(w′′)∂α as the dierential op-
erator, let ϑ = dw′′, and h = 1. To prove the laim, we note that it
sues to hek it for test forms φ dw¯′′ ∧ dw by the observation in the
beginning of the proof. We write φ as a Taylor sum
φ =
∑
α=(α′,0)
∂|α|φ
∂wα
(0, w′′)
wα
α!
+ J¯V +O(|w′|M+1).
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Noting that |w′|M+1µ = 0 and that J¯V · µ = 0, by 2) in Denition
3, the laim now follows from the denition of the aα and a simple
omputation.
To obtain global Q, ϑ, and h we proeed as follows. We hoose
H1, . . . , HP ∈ JV (B) and oordinates z = (z′, z′′) for B suh that h˜ :=
det(∂H/∂z′) is generially non-vanishing on every omponent of V ,
i.e., h˜−1(0) is V -polar. Outside {h˜ = 0} we an then make the hange
of variables w = (w′, w′′) := (H, z′′). Note however that wj ∈ O(B)
for all j. Outside {h˜ = 0} we thus have a realization (11) of µ with
aα ∈ O(B). Moreover, sine ∂/∂w′ = t(dH/dz′)−1∂/∂z′, we see that
Q′ := (−1)nP h˜k
∑
α=(α′,0)
aα(w
′′)∂αw′
is a holomorphi dierential operator in B if k is large enough; reall
that |α| ≤ M . For large enough ℓ we then dene the holomorphi
dierential operator Q by Q(φ) = h˜ℓQ′(φ/h˜). Letting h = h˜k+ℓ and
ϑ = dz′′, the formula (10) then follows from (11) if ϕ has support
outside {h = 0}. But both µ and the urrent dened by the right hand
side of (10) has the Standard Extension Property, by 1) in Denition 3
and the omment after the proof of Lemma 2 respetively, and so the
proposition follows. 
This proposition makes it possible to divide Cole-Herrera urrents
by holomorphi funtions. Let µ ∈ CHV and let f be a holomorphi
funtion suh that V \f−1(0) is dense in V . Given a loal representation
(10) of µ we put
(12)
1
f
µ.(ϕ ∧ dz) = lim
ǫ→0+
∫
V ∩{|hf |>ǫ}
Q(ϕ/f) ∧ ϑ
h
.
It is lear that (1/f)µ ∈ CHV [∗f−1(0)]. On the other hand, if γ ∈
CHV [∗f−1(0)], then (at least loally) for some large k we have τ =
fkγ ∈ CHV . Thus, γ = (1/fk)τ for some τ ∈ CHV . It follows that
we have representations (10) also for urrents γ ∈ CHV [∗S] if V \ S
is dense in V and that (1/f)γ is dened. From Lemma 2 and the
tehnique of its proof it follows that
(13)
1
f
µ = lim
ǫ→0+
χ(|f |2/ǫ)
f
µ =
|f |2λ
f
µ
∣∣∣
λ=0
, µ ∈ CHV [∗S],
f. also (9).
Proposition 5. Let S ⊆ X be a hypersurfae suh that V \ S is dense
in V . Then
∂¯ : CHV [∗S]→ CHV ∩S.
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Remark 6. This mapping atually ts into a long exat sequene, see,
e.g., [12℄. In partiular, if S is V -polar, then
0→ CHV →֒ CHV [∗S] ∂¯−→ CHV ∩S −→ HP+1[V ] (OX)→ 0
is exat. Here, HP+1[V ] (OX) is (isomorphi to) the ohomology group
Ker∂¯(C0,P+1V )/∂¯(C0,PV ), where C0,∗V are the urrents on X of bidegree
(0, ∗) with support ontained in V . If, in addition, V is Cohen-Maaulay
then this group vanishes and the mapping of Proposition 5 beomes
surjetive.
Proof. We will start by indiating how to prove the following
Claim: Let f, g, h be holomorphi funtions suh that h−1(0) is V -
polar and V \ f−1(0) is dense in V . Then
(14) λ 7→ ∂¯|f |
2λ
f ℓ
∧ 1
h
[V ] has an analyti ontinuation as a urrent,
(15)
χ(|g|2/ǫ)
gk
∂¯|f |2λ
f ℓ
∧ 1
h
[V ]
∣∣∣
λ=0
→ 0, as ǫ→ 0+,
if χ ∈ C∞([0,∞]) and vanishes both lose to 0 and ∞. Moreover, if
(f, g) denes a omplete intersetion on V and χ is a smooth regular-
ization of the harateristi funtion of [1,∞) then
(16) χ(|g|2/ǫ) ∂¯|f |
2λ
f ℓ
∧ 1
h
[V ]
∣∣∣
λ=0
→ ∂¯|f |
2λ
f ℓ
∧ 1
h
[V ]
∣∣∣
λ=0
,
as ǫ→ 0+. If instead g ∈ JV ∩f−1(0), then
(17) g¯
∂¯|f |2λ
f ℓ
∧ 1
h
[V ]
∣∣∣
λ=0
→ 0.
To prove (14), one omputes in a resolution π : V → V suh that
{π∗f ·π∗h = 0} has normal rossings in the manifold V and one hooses,
preferably, loal oordinates, x, suh that π∗h = xβ and π∗f = uxα,
where u is holomorphi and invertible. To prove (15) and (17) one
proeeds similarly; one rst omputes (∂¯|f |2λ/f ℓ) ∧ (1/h)[V ]|λ=0 in a
resolution π : V → V suh that {π∗f · π∗h · π∗g = 0} has normal
rossings, preferably using oordinates suh that π∗f = uxα, π∗h =
vxβ, and π∗g = xγ . Then it is not too hard to verify (15) and (17). It
is a bit more deliate to prove (16) sine the assumption about omplete
intersetion has to be used properly. Let ϕ be a (n, n− 1)-test form in
the base spae X . On a resolution manifold V as the one above, one
hooses an atlas of loal oordinates with the properties stated above,
and moreover, so that π∗ϕ = φdx¯′ ∧ dx, where dx¯′ = dx¯2 ∧ · · · ∧ dx¯n.
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The trik is now to show that (∂¯|f |2λ/f ℓ) ∧ (1/h)[V ].ϕ|λ=0 equals
(18)
∑
x1| x
α
x1∤xγ
∫
∂¯|xα|2λ|xβ|2s
xℓα+β
∧ |u|
2λ|v|2s
uv
ρx φdx¯
′ ∧ dx
∣∣∣
s=0
∣∣∣
λ=0
,
where {ρx} is a partition of unity on V. That is, that only harts
on V suh that x1 | π∗f and x1 ∤ π∗g ontribute. That x1 has to
divide π∗f is obvious. If, in addition, x1 divides π
∗g, then {x1 = 0} ⊆
π−1{f = g = 0} ∩ V . Sine {f = g = 0} ∩ V has dimension n − 2
it follows that any anti-holomorphi n − 1-form in X has a vanishing
pullbak to {f = g = 0} ∩ V . Thus, π∗ϕ has a vanishing pullbak
to {x1 = 0}. It follows that φ = x¯1φ˜ for some smooth φ˜. Using this
one easily shows that harts where x1 divides both π
∗f and π∗g do
not ontribute. With this in mind it is not very diult to show that
χ(|g|2/ǫ)(∂¯|f |2λ/f ℓ) ∧ (1/h)[V ].ϕ|λ=0 tends to (18) as ǫ → 0+, whih
then proves (16).
It is now easy to prove the proposition. Let µ ∈ CHV [∗S]; it is
a loal problem to show that ∂¯µ ∈ CHV ∩S. Choose a holomorphi
funtion f and a τ ∈ CHV suh that S = f−1(0) and µ = (1/f)τ .
From (13) we have µ = (|f |2λ/f)τ |λ=0, and for Reλ >> 1 we have
∂¯((|f |2λ/f)τ) = (∂¯|f |2λ/f)τ . From (14), the last expression also has
an analyti ontinuation, and so ∂¯µ = (∂¯|f |2λ/f)τ |λ=0. Using a repre-
sentation (10) of τ and (14) and (17) one easily sees that g¯∂¯µ = 0 if
g ∈ JV ∩S (reall that S = f−1(0)). Similarly, if τ is represented by (10)
it follows from (14), (15), and (16) that χ(|g|2/ǫ)∂¯µ→ ∂¯µ, as ǫ→ 0+;
i.e., that ∂¯µ has the Standard Extension Property. 
Denition 7. Let µ ∈ CHV [∗S] and let f be a holomorphi funtion
suh that V \f−1(0) is dense in V and V ∩S \f−1(0) is dense in V ∩S.
We dene ∂¯(1/f) ∧ µ by
∂¯
1
f
∧ µ = ∂¯( 1
f
µ)− 1
f
∂¯µ.
That this denition makes sense follows from Proposition 5. It is in-
tuitively lear that ∂¯(1/f)∧µ ∈ CHV ∩f−1(0)[∗S] but it is not immediate
from the denition. However, letting µ = (1/g)τ , where τ ∈ CHV and
g−1(0) = S, we get from Proposition 8 that∣∣∂¯ χ(|f |2/ǫ1)
f
∧ χ(|g|
2/ǫ2)
g
τ − ∂¯ 1
f
∧ 1
g
τ
∣∣
≤ Cǫω2 +
∣∣∂¯ χ(|f |2/ǫ1)
f
∧ µ− ∂¯ 1
f
∧ µ∣∣
≤ Cǫω2 +
∣∣∂¯(χ(|f |2/ǫ1)
f
∧ µ)− ∂¯( 1
f
∧ µ)∣∣
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+
∣∣χ(|f |2/ǫ1)
f
∂¯µ− 1
f
∂¯µ
∣∣ . ǫω1 + ǫω2 ,
where χ is a smooth regularization of the harateristi funtion of
[1,∞). Thus, (∂¯χ(|f |2/ǫ1)/f) ∧ (χ(|g|2/ǫ2))τ onverges unrestritedly
to ∂¯(1/f)∧µ. First letting ǫ2 → 0 and then letting ǫ1 → 0 we then see
that ∂¯(1/f) ∧ µ = (1/g)∂¯((1/f)τ) ∈ CHV ∩f−1(0)[∗S] by Proposition 5.
If µ ∈ CHV and f = (f1, . . . , fq) : X → Cq is holomorphi suh that
(f1, . . . , fp, fj) denes a omplete intersetion on V for p + 1 ≤ j ≤ q
we have thus given a meaning to
∂¯
1
f1
∧ · · · ∧ ∂¯ 1
fp
· 1
fp+1
· · · 1
fq
∧ µ.
It follows from Theorem 1 that this produt, apart from being alternat-
ing in f1, . . . , fp as it should, is independent of the ordering of the tuple
f and, moreover, that it oinides with the denition of Cole-Herrera
and Passare.
4. The key proposition
In this setion we prove the key proposition needed to prove our main
theorem. The proof of the proposition relies on a Whitney type divi-
sion lemma for the pullbak of anti-holomorphi forms through modi-
ations. This lemma appear also in [28℄.
Throughout this setion our onsiderations are loal; X = B is the
unit ball in CN and V is an analyti set of pure dimension n (and
odimension P = N − n) dened in a neighborhood of B.
Proposition 8. Let V ⊆ B be an analyti set of pure dimension n,
S ⊂ B a V -polar set, and f = (f1, . . . , fq) : B → Cq a holomorphi
mapping suh that (f1, . . . , fp, fj) denes a omplete intersetion on V
for all j = p+1, . . . , q. Let also χj, 1 ≤ j ≤ q, be smooth on [0,∞] and
vanish to order ℓj at 0. Then for any µ ∈ CHV [∗S] and ϕ ∈ D0,n−p(B)
we have∣∣∣∣∣ ∂¯χǫ1 ∧ · · · ∧ ∂¯χǫpχǫp+1 · · ·χǫq−1f ℓ11 · · · f ℓq−1q−1
( χǫq
f
ℓq
q
− 1
f
ℓq
q
) ∧ µ.(ϕ ∧ dz)∣∣∣∣∣ ≤
≤ C‖ϕ‖Mǫωq ,
where χǫj = χj(|fj|2/ǫj), M and ω are positive onstants that only
depend on f and Supp(ϕ), while the positive onstant C also might
depend on the CM -norm of the χj-funtions.
Proof. We x a representation (10) of µ (or rather its analyti ontin-
uation ounterpart) and write
(19) Iϕf,µ(ǫ) :=
∂¯χǫ1 ∧ · · · ∧ ∂¯χǫpχǫp+1 · · ·χǫq
f ℓ11 · · · f ℓqq
∧ µ.(ϕ ∧ dz)
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=
∫
V
|h|2λ
h
Q
( ∂¯χǫ1 ∧ · · · ∧ ∂¯χǫpχǫp+1 · · ·χǫq
f ℓ11 · · · f ℓqq
∧ ϕ) ∧ ϑ ∣∣∣
λ=0
.
Sine expressions like χǫ/f ℓ essentially are invariant under holomorphi
dierential operators, f. (6), and sine ∂¯ ommutes with suh opera-
tors, the right hand side of (19) is, by Leibniz' rule, a nite sum of
integrals of the same kind but with the holomorphi dierential opera-
tor Q omitted. We an therefore ignore Q in the omputations below.
By Hironaka's theorem, e.g., formulated as in [18℄ and [8℄, one an
nd, rst an n-dimensional omplex manifold V˜ and a proper holo-
morphi map π1 : V˜ → V that denes a biholomorphism outside Vsing,
and then (at least loally on V˜ ) a further n-dimensional omplex man-
ifold V and a proper holomorphi map π2 : V → V˜ suh that Z :=
π−12 (π
∗
1h · π∗1f1 · · ·π∗1fq = 0) has normal rossings and π2 is a biholo-
morphism outside Z. Put π = π1 ◦ π2 and denote the pull-bak under
π by ·ˆ, e.g., hˆ = π∗h. We hoose a (suiently ne) nite partition
of unity {ρj} on Supp(ϕˆ) and loal harts on the Supp(ρj) suh that
hˆ, fˆ1, . . . , fˆq are monomials times invertible holomorphi funtions. The
right hand side of (19), (reall that we may ignoreQ), is therefore equal
to
(20)
∑
i
∫
V
|hˆ|2λ
hˆ
∂¯χǫ1 ∧ · · · ∧ ∂¯χǫpχǫp+1 · · ·χǫq
fˆ ℓ11 · · · fˆ ℓqq
∧ ϕˆ ∧ ϑˆρi
∣∣∣
λ=0
.
Moreover, we may assume that ϕ is of the form ϕIdz¯I , |I| = n −
p, and so we an write ϕˆ = η · φ1, where η = ϕˆI ∈ D0,0(V) and
φ1 = d̂z¯I is an anti-holomorphi n − p-form on V. We now onsider
one term of (20), we drop the subsript i from ρi, and we put φ2 :=
ηϑˆρ. In a neighborhood of Supp(ρ) we have loal oordinates x suh
that fˆj = ujx
α(j)
, where uj are invertible and holomorphi. We let
m be the number of vetors in a maximal linearly independent subset
of {α(1), . . . , α(p)}, and we assume for notational onveniene that
α(1), . . . , α(m) are linearly independent. As in [22℄, p. 46, we an
dene new oordinates, still denoted x, so that u1 = · · · = um = 1.
For m + 1 ≤ j ≤ p we write ∂¯χǫj = χ˜ǫj · (dx¯α(j)/x¯α(j) + du¯j/u¯j), where
χ˜j(t) = tχ
′
j(t) are smooth on [0,∞], vanish to order ℓj at 0, and map
∞ to 0. We will omit the tildes in the omputations below, and hene,
with abuse of notation, the term of (20) under onsideration an be
written
(21)∫
V
|hˆ|2λ
hˆ
∂¯χǫ1 ∧ · · · ∧ ∂¯χǫmχǫm+1 · · ·χǫq
fˆ ℓ11 · · · fˆ ℓqq
p∧
m+1
(dx¯α(j)
x¯α(j)
+
du¯j
u¯j
)
φ1 ∧ φ2
∣∣∣
λ=0
From exterior algebra it follows that dx¯α(1) ∧ · · · ∧ dx¯α(m) ∧ dx¯α(j) = 0
if m + 1 ≤ j ≤ p sine α(1), . . . , α(m), α(j) are linearly dependent.
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Thus, sine ∂¯χǫ1 ∧ · · · ∧ ∂¯χǫm is proportional to dx¯α(1) ∧ · · · ∧ dx¯α(m),
we may erase the fators dx¯α(j)/x¯α(j), m + 1 ≤ j ≤ p from (21). We
now let K be the set of indies i suh that xi divides some xα(j) with
p+1 ≤ j ≤ q and we apply Lemma 9 with in data K and dz¯I . We nd
that we may replae du¯m+1∧· · ·∧du¯p∧φ1 by an anti-holomorphi form
ξ =
∑
|J |=n−m ξJdx¯J , whih has the property that eah ξJ is divisible
by all x¯i, i ∈ K, without aeting the integral (21). We may of ourse
assume that ξ onsists of one term only, and for notational onveniene
we assume that ξ = ξ′dx¯m+1∧· · ·∧dx¯n. We assume, also for simpliity,
that K \ {m + 1, . . . , n} = {k + 1, . . . , m} so that ξ′ may be written
x¯k+1 · · · x¯mξ′′ =: x¯1mk ξ′′ for some anti-holomorphi funtion ξ′′. We an
now re-write the integral (21) as
(22)
∫
V
|hˆ|2λ
hˆ
∂¯χǫ1 ∧ · · · ∧ ∂¯χǫmχǫm+1 · · ·χǫq
fˆ ℓ11 · · · fˆ ℓqq
x¯1
m
k ξ′′
∧n
m+1 dx¯j ∧ φ2
u¯m+1 · · · u¯p
∣∣∣
λ=0
.
Now onsider the form ∂¯χǫ1∧· · ·∧∂¯χǫm∧nm+1dx¯j . We write ∂¯ = ∂¯′+∂¯′′,
where ∂¯′ dierentiates with respet to the variables x′ = (x1, . . . , xk)
and ∂¯′′ dierentiates with respet to the variables x′′ = (xk+1, . . . , xn),
and we ompute:
(23)
∂¯χǫ1 ∧ · · · ∧ ∂¯χǫm
n∧
m+1
dx¯j = (∂¯
′χǫ1 + ∂¯
′′χǫ1) ∧ · · · ∧ (∂¯′χǫm + ∂¯′′χǫm)
n∧
m+1
dx¯j
=
∑
i1<···<ik
ik+1<···<im
sign(j 7→ ij)∂¯′χǫi1∧· · ·∧∂¯′χǫik∧∂¯′′χǫik+1∧· · ·∧∂¯′′χǫim
n∧
m+1
dx¯j .
Let us onsider the rst term in this sum. It equals
det A˜ ∂¯χǫ1 ∧ · · · ∧ ∂¯χǫk ∧
dx¯k+1 ∧ · · · ∧ dx¯m
x¯k+1 · · · x¯m χ˜
ǫ
k+1 · · · χ˜ǫm
n∧
m+1
dx¯j,
where A˜ is the (m − k) × (m − k)-matrix (α(i)j)mi,j=k+1 and χ˜ǫj =
(|fˆj|2/ǫj) · χ′j(|fˆj|2/ǫj). (As usual, we omit the tildes below.) The
other terms in the sum on the right hand side of (23) are of the same
type. In partiular, eah suh term has x¯k+1 · · · x¯m = x¯1mk as denom-
inator. Reall also that hˆ = vxβ with v invertible and holomorphi.
Substituting (23) into (22) we thus obtain nitely many integrals of
the type
(24)
∫
V
∂¯χǫ1 ∧ · · · ∧ ∂¯χǫk
xℓα+β
|vxβ|2λχǫk+1 · · ·χǫq
n∧
k+1
dx¯j ∧ ψdx
∣∣∣
λ=0
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where ψdx = ξ′′φ2/(vu
ℓm+1
m+1 · · ·uℓqq u¯m+1 · · · u¯p) and ℓα =
∑q
1 ℓjα(j).
Note that ψ has ompat support, and, perhaps after saling, we may
assume it has support in the unit polydis ∆.
We now introdue the smoothing parameters
tj = |xα(j)|2/ǫj , for j = k + 1, . . . , q,
and we put
Ψ(λ, x, tk+1, . . . , tq) = |v|2λΠmk+1χi(ti) · Πqm+1χj(tj |uj|2) · ψ(x).
The funtion Ψ(λ, x, t) is smooth on C×Cn× [0,∞]q−k and by Lemma
6 in [27℄ it has the Taylor-like expansion
Ψ(λ, x, t) =
∑
K+L<ℓα+β−1
xK x¯LΨK,L(λ, x, t)(25)
+
∑
K+L=ℓα+β−1
xK x¯LΨK,L(λ, x, t).
When doing this expansion we onsider t = (tk+1, . . . , tq) as indepen-
dent real variables and λ as a parameter. If K + L < ℓα + β − 1, the
funtion ΨK,L(λ, x, t) is independent of at least some oordinate xj and,
moreover, we have the following expliit expression for the remainder
part of the expansion:
(26)
∑
K+L=ℓα+β−1
xK x¯LΨK,L(λ, x, t)
=
∫
y∈[0,1]n
(1− y)ℓα+β−2
(ℓα + β − 2)!
∂|ℓα+β−1|
∂yℓα+β−1
Ψ(λ, y1x1, . . . , ynxn, t)dy.
If we evaluate the smoothing parameters, i.e., let tj = |xα(j)|2/ǫj, we
have that |v|2λχǫk+1 · · ·χǫqψ = Ψ(λ, x, t) and we an substitute the de-
omposition (25) of Ψ into (24). By hanging to polar oordinates and
using that ΨK,L(λ, x, t) is independent of some xj if K+L < ℓα+β−1
it is not very hard to see that the rst part of the expansion (25) does
not ontribute; see [22℄ p. 47, 48, for details. In polar oordinates, the
integral (24) thus equals
(27)
∫
r∈[0,1]n
J (λ, r, t)r2λβdχǫ1 ∧ · · · ∧ dχǫk ∧ drk+1 ∧ · · · ∧ drn
∣∣∣
λ=0
,
where
J (λ, r, t) = cn,k
∫
θ∈[0,2π)n
∑
K+L=
ℓα+β−1
ΨK,L(λ, r, θ, t)e
iθ·(K−L−ℓα−β+1k1)dθ.
Here, χǫj = χj(r
2α(j)/ǫj) for j = 1, . . . , k, tj = r
2α(j)/ǫj for j = k +
1, . . . , q, and cn,k = (−1)n2in2n−k. Sine the singularity has disappeared
it is innouous to put λ = 0 in (27) and from now on we omit all
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ourrenes of λ. We here also note the following properties of the
funtion J (r, t) = J (0, r, t).
a) J (r, t) is bounded on [0, 1]n × [0,∞]q−k.
b) If some tj < δ for some k + 1 ≤ j ≤ q then |J (r, t)| ≤ Cδ.
) If tj > 1/δ for some k + 1 ≤ j ≤ p then |J (r, t)| ≤ Cδ.
d)
|J (r, tk+1, . . . , tq−1, tq)−J (r, tk+1, . . . , tq−1,∞)|
≤
{
C‖ψ‖|ℓα+β−1|/tq, tq ≥ 1
C‖ψ‖|ℓα+β−1|, tq ≤ 1
Property a) follows easily from formula (26) and the denition ofΨ(x, t) =
Ψ(0, x, t). Properties b) and ) follow by Taylor expanding tj 7→
χj(tj|uj|2) at 0 and∞ respetively in the denition of Ψ(x, t). Property
d) follows by Taylor expanding tq 7→ χj(tq|uq|2) at ∞ in the denition
of Ψ(x, t) and inspetion in the formula (26). We note also that the
onstant(s), C, depend on the C |ℓα+β−1|-norm of χj if uj 6= 1. Now, by
Fubini's theorem we may write (27) as
(28)
∫
r′′∈[0,1]n−k
(∫
r′∈[0,1]k
J (r′, r′′, t)dχǫ1∧· · ·∧dχǫk
)
drk+1∧· · ·∧drn
and by property a), the modulus of the inner integral an be esti-
mated by a onstant times
∫
s∈[0,∞)k
|dχ1(s1) ∧ · · · ∧ dχk(sk)| ≤ C <∞
uniformly in all parameters. Thus, by Dominated Convergene, the
study of possible limits of (27), and hene of (19), is redued to the
study of possible limits of the inner integral in (28) for xed r′′ =
(rk+1, . . . , rn) ∈ [0, 1]n−k. We note here also that dχǫ1 ∧ · · · ∧ dχǫk =
detA · χ˜ǫ1 · · · χ˜ǫkdr1 ∧ · · · ∧ drk/(r1 · · · rk), where A is the k × k-matrix
(2α(i)j)
k
i,j=1. We may thus assume that A is invertible.
We want to estimate the dierene |Iϕf,µ(ǫ)− limǫq→0 Iϕf,µ(ǫ)| and by
our omputations this far it an be estimated by a nite sum of terms
like∫
[0,1]n−k
(∫
[0,1]k
|J (r′, r′′, t)− lim
ǫq→0
J (r′, r′′, t)| · |dχǫ1 ∧ · · · ∧ dχǫk|
)
dr′′
=
∫
[0,1]n−k
(∫
[0,1]k
|J (r′, r′′, t)−J (r′, r′′, t)|tq=∞|·|dχǫ1∧· · ·∧dχǫk|
)
dr′′.
The equality limǫq→0 J (r
′, r′′, t) = J (r′, r′′, t)|tq=∞ holds for eah
xed r′′ ∈ (0, 1]n−k beause tq = r2α(q)/ǫq and, sine K ⊆ {k+1, . . . , n},
we have α(q)1 = · · · = α(q)k = 0. By property d) we an therefore
estimate |Iϕf,µ(ǫ)− limǫq→0 Iϕf,µ(ǫ)| by a nite sum of terms of the form
C‖ψ‖|ℓα+β−1|
( ∫
r′′∈[0,1]n−k
r2α(q)≤ǫq
dr′′ +
∫
r′′∈[0,1]n−k
r2α(q)≥ǫq
ǫq/r
2α(q)dr′′
)
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≤ C‖ψ‖|ℓα+β−1|ǫωq .
The last estimate follows from Lemmas 9 and 10 in [27℄, from whih
we also see that any ω < 1/(2|α(q)|) works. To onlude the proof we
just have to note that ψ depends ontinuously on ϕ in Cm-norm if m
is suiently large. 
4.1. The division lemma. We keep the notation from the proof of
Proposition 8 so that V → V ⊆ B is a modiation, the pull-bak
under this map is denoted by ·ˆ, and x are loal oordinates on V suh
that fˆj = x
α(j)
, 1 ≤ j ≤ m, and fˆj = ujxα(j), m + 1 ≤ j ≤ q. We
reall also that our set-up in the proof of Proposition 8 implies that the
exterior produt of ∧m1 dxα(i) with any dxα(j), m+ 1 ≤ j ≤ p, is zero.
Lemma 9. Let K ⊆ {1, . . . , n} be any set of indies i suh that xi
divides some xα(j) with p+1 ≤ j ≤ q. If σ is an anti-holomorphi n−p-
form in B, then one an nd, in the x-hart on V, an anti-holomorphi
n−m-form ξ that depends ontinuously on σ in any Ck-norm and suh
that
i)
dx¯j
x¯j
∧ ξ is non-singular for all j ∈ K, and
ii) dx¯α(1) ∧ · · · ∧ dx¯α(m) ∧ (du¯m+1 ∧ · · · ∧ du¯p ∧ σˆ − ξ) = 0.
Proof. Put Ψ = du¯m+1 ∧ · · · ∧ du¯p ∧ σˆ and dene
ξ˜ =
∑
j∈K
Ψj −
∑
i,j∈K
i<j
Ψij + · · ·+ (−1)|K|−1Ψi1···i|K| ,
where Ψi1···iℓ means that we pull Ψ bak to {xi1 = · · · = xiℓ = 0} and
extend trivially to Cn, (i.e, Ψi1···iℓ = τ
∗Ψ, where τ is the omposition
of the standard projetion Cn → Λ = {xi1 = · · · = xiℓ = 0} and the
inlusion Λ →֒ Cn). A straight forward indution over |K| shows that
ξ := Ψ− ξ˜ satises i); see, e.g., [28℄. To see that ξ satises ii), onsider
a Ψi1···iℓ . Let L ⊆ {1, . . . , p} be the set of indies j suh that no xik ,
1 ≤ k ≤ ℓ, divides fˆj and write L = L′∪L′′, where L′ = {j ∈ L; j ≤ m}
and L′′ = {j ∈ L; m+ 1 ≤ j ≤ p}.
Now, the variety {xi1 = · · · = xiℓ = 0} lies in the zero set of all
the fˆj with j ∈ {1, . . . , p} \ L by the denition of L, and moreover, it
is ontained in the zero set of (at least) some fˆν with p + 1 ≤ ν ≤ q
sine the xij are in K. Thus, {xi1 = · · · = xiℓ = 0} is ontained in the
preimage of a subvariety of V of dimension at most n − p + |L| − 1.
The form ∧j∈Ldf¯j ∧σ has degree n− p+ |L| and so its pullbak to this
variety must vanish. Hene,
̂∧
j∈L
df¯j ∧ σ =
∧
j∈L
d ˆ¯fj ∧ σˆ =
∧
i∈L′
dx¯α(i) ∧
∧
j∈L′′
d(u¯jx¯
α(j)) ∧ σˆ
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has a vanishing pullbak to {xi1 = · · · = xiℓ = 0}. But this means that
x¯
P
i∈L′′ α(i)
∧
j∈L′
dx¯α(j) ∧ (
∧
k∈L′′
du¯k ∧ σˆ)i1···iℓ
+
∧
ι∈L′
dx¯α(ι) ∧
∑
ν∈L′′
dx¯α(ν) ∧ τν = 0,
where the rst term arises when no dierential hits x¯α(j), j ∈ L′′.
Taking the exterior produt with ∧j /∈L′′(du¯j)i1···iℓ we obtain
x¯
P
i∈L′′ α(i)
∧
j∈L′
dx¯α(j) ∧Ψi1···iℓ +
∧
ι∈L′
dx¯α(ι) ∧
∑
ν∈L′′
dx¯α(ν) ∧ τ˜ν = 0.
We now multiply this equation with the exterior produt of all dx¯α(j)
with j ≤ m and j /∈ L′. Then we get dx¯α(1) ∧ · · · ∧ dx¯α(m) in front of
the sum and this makes all terms under the summation sign disappear
by the omment just before Lemma 9. It thus follows that
x¯
P
i∈L′′ α(i)dx¯α(1) ∧ · · · ∧ dx¯α(m) ∧Ψi1···iℓ = 0,
and sine this holds everywhere we may remove the fator x¯
P
i∈L′′ α(i)
and onlude that ξ has the property ii). 
5. Non-harateristi restritions
Let Ω ⊆ Rk be an open set, let u ∈ D ′(Ω), and let M ⊆ Ω be a
smooth submanifold. Let also N (M) be the subbundle of T ∗(Ω) |M of
ovetors that annihilate T (M). We say that M is non-harateristi
for u if N (M) ∩ WF (u) = ∅, where WF (u) is the wave front set
of u. If M is non-harateristi for u, then there is a well dened
restrition, u|M , of u to M and moreover, if uǫ → u is any smooth
regularization of u and i : M → Ω is the inlusion map, then i∗uǫ → u|M
is a regularization of u|M ; see [19℄ Chapter VIII.
Let µ ∈ CHV (X), where X ⊆ Cn is a domain and V is a pure
dimensional analyti subset. Then, sine µ generate a regular holo-
nomi DX-module, [12℄, it follows from a deep result of Andronikof,
[7℄, that WF (µ) = WFA(µ) is a C∗-oni omplex Lagrangian sub-
set of T ∗(X). Thus, by the Morse-Sard theorem, there are many
non-harateristi hypersurfaes for µ, e.g., in appropriate oordinates,
x, entered at an arbitrary point in X , all Hj,s = {xj = s}, s ∈ C,
0 < |s| < 1, are non-harateristi for µ. Now, let f = (f1, . . . , fp)
be a holomorphi tuple dening a omplete intersetion in X and let
Rf = ∂¯(1/f1) ∧ · · · ∧ ∂¯(1/fp) be the Cole-Herrera produt.
Theorem 10. Let Y ⊆ X be a omplex submanifold that is non-
harateristi for µ and suh that f1|Y , . . . , fp|Y dene a omplete in-
tersetion on Y . Then
Rf |Y = ∂¯ 1
f1|Y ∧ · · · ∧ ∂¯
1
fp|Y ,
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i.e., the Cole-Herrera produt ommutes with non-harateristi re-
stritions.
Proof. This follows immediately from our main theorem sine
Rf |Y = lim
ǫ→0
i∗
( ∂¯χǫ1 ∧ · · · ∧ ∂¯χǫp
f1 · · ·fp
)
= ∂¯
1
f1|Y ∧ · · · ∧ ∂¯
1
fp|Y ,
where i : Y → X is the inlusion. 
Remark 11. To prove this theorem it is suient to use Passare reg-
ularizations. In fat, one only has to ensure that ǫ→ 0 inside Passare
setors for both of the tuples (f1, . . . , fp) and (f1|Y , . . . , fp|Y ).
We onlude this setion with an appliation of Theorem 10. For-
mally omputing the average of Iϕf (t) (f., the introdution) for t ∈
{ξ ∈ Rp+;
∑
j ξj = ǫ} one obtains
cp
∫
|f |2=ǫ
∑
j(−1)j−1f¯j
∧
k 6=j df¯k
|f |2p ∧ ϕ,
where cp = (−1)p(p−1)/2(p − 1)!/√p. Using Hironaka's theorem and
tori resolutions one an show that the limit of this integral exists and
denes a Bohner-Martinelli type urrent RfBM ∈ CHf−1(0) that an
be regularized by
∂¯χ(|f |2/ǫ) ∧ cp
∑
j(−1)j−1f¯j
∧
k 6=j df¯k
|f |2p ,
see, e.g., [25℄ and [27℄. If the test form ϕ is ∂¯-losed in a neighborhood
of f−1(0), then Iϕf (t) is independent of suiently small t and the
formal omputation above beomes rigorous . However, it is a non-
trivial, but well known fat that atually Rf = RfBM , see [25℄, [2℄. In
fat, following [2℄, Rf and RfBM are ∇-ohomologous, (see, e.g., Setion
6 for the denition of the ∇-operator) and, unlike the ∂¯-operator, the
∇-operator admits loalizations, i.e., there are ∇-losed ut o forms.
Thus, one an nd a urrent µ with support lose to f−1(0) suh that
∇µ = Rf−RfBM and this yields a urrent µ′, supported lose to f−1(0),
suh that ∂¯µ′ = Rf − RfBM . This implies that Rf = RfBM sine a
CHf−1(0)-urrent annot be ∂¯-exat in this sense unless it is 0.
By Theorem 10 we get an independent proof of the equality Rf =
RfBM based on indution over n. In the the absolute ase, i.e., when
p = n, it is easy to verify the equality by Taylor expanding the test form
at the disrete set of points of f−1(0); we may assume that f−1(0) = 0
and then both Rf and RfBM are annihilated by any x¯j and we know
that they oinide on holomorphi monomials. Theorem 10 provides us
with the indution step sine the set of non-harateristi hyperplanes,
Hj,s, is suiently ample. We thus get
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Corollary 12. The Bohner-Martinelli type urrent RfBM is equal to
the Cole-Herrera produt Rf in the ase of a omplete intersetion.
Remark 13. For the urrents of Cauhy-Fantappiè-Leray type intro-
dued in [1℄ we have the same result.
6. Proof and extensions of Theorem 1
Proof of Theorem 1. The proof is based on indution over p. The in-
dution start, p = 0, follows immediately from Proposition 8 (and an
obvious indution over q). Now assume that Theorem 1 is true for
p = r − 1 ≥ 0. By indution over q, what we have to show is that
(29)
∣∣∣ ∂¯χǫ1 ∧ · · · ∧ ∂¯χǫr
f ℓ11 · · · f ℓpr
∧ µ˜.ϕ− ∂¯ 1
f ℓ11
∧ · · · ∧ ∂¯ 1
f ℓrr
∧ µ˜.ϕ
∣∣∣ ≤ Cǫω‖ϕ‖M ,
where µ˜ = (1/(f
ℓr+1
r+1 · · · f ℓqq ))µ ∈ CHV [∗S], S := {fr+1 · · · fq = 0}. An
easy set-theoreti omputation shows that (f1, . . . fr) denes a omplete
intersetion on V ∩S and by Proposition 5 we have ∂¯µ˜ ∈ CHV ∩S. The
left hand side of (29) an be estimated by∣∣∣ ∂¯χǫ∧ · · · ∧ ∂¯χǫpχǫr
f ℓ11 · · · f ℓrr
∧ µ˜. ∂¯ϕ− ∂¯ 1
f ℓ11
∧ · · · ∧ ∂¯ 1
f
ℓp
p
1
f ℓrr
∧ µ˜. ∂¯ϕ
∣∣∣+
+
∣∣∣ ∂¯χǫ1 ∧ · · · ∧ ∂¯χǫpχǫr
f ℓ11 · · · f ℓrr
∧ ∂¯µ˜. ϕ− ∂¯ 1
f ℓ11
∧ · · · ∧ ∂¯ 1
f
ℓp
p
1
f ℓrr
∧ ∂¯µ˜. ϕ
∣∣∣.
By indution, the last term an be estimated by Cǫω‖ϕ‖M . The rst
term an, by Proposition 8, be estimated by Cǫωr ‖∂¯ϕ‖M plus∣∣∣ ∂¯χǫ∧ · · · ∧ ∂¯χǫp
f ℓ11 · · · f ℓpp
∧ µ′. ∂¯ϕ− ∂¯ 1
f ℓ11
∧ · · · ∧ ∂¯ 1
f
ℓp
p
∧ µ′. ∂¯ϕ
∣∣∣,
where µ′ = (1/f ℓrr )µ˜ ∈ CHV [∗S ′], S ′ = S ∪ f−1r (0). Another inte-
gration by parts and the indution hypothesis nally shows that this
term an be estimated by Cǫω‖∂¯ϕ‖M and we are done. 
Finally we present some extensions of our main theorem. By going
through the proof one veries the following. Let f˜ = (f˜1, · · · , f˜q) be
a holomorphi tuple suh that (f˜1, . . . , f˜p, f˜j) dene a omplete inter-
setion on V for all j = p + 1, . . . , q and assume that f˜−1(0) ⊇ f−1(0)
and that the χj vanish to innite order at 0. We may then replae the
χj(|fj|2/ǫj) in Theorem 1 by χj(|f˜j|2/ǫj) with the same onlusion; the
onstants C, M , and ω are unaeted.
Let V be an analyti set of pure dimension n dened in a neighbor-
hood of B¯ ⊂ CN ; put odim(V ) = P = N − n. In a slightly smaller
neighborhood of B¯ one an nd a free resolution
(30) 0→ O(Eν) Fν−→ · · · F2−→ O(E1) F1−→ O(E0)
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of the sheaf OCn/JV ; the Ej are trivial holomorphi vetor bundles of
ranks rj with r0 = 1 and the Fj are rj−1 × rj-matries of funtions
holomorphi in a neighborhood of B¯. Let Vj be the set of points z ∈ B
suh that Fj(z) does not have optimal rank. These sets are analyti
subsets of B that are independent of the hoie of resolution ofOCn/JV ,
i.e., invariants of V . Moreover, Vj ⊆ Vj−1 ⊆ · · · ⊆ VP = VP−1 = · · · =
V and sine V has pure dimension in our ase, Corollary 20.14 in [15℄
implies that for j > P one has Vj ⊆ Vsing and odim(Vj) ≥ j + 1. If
k = max{j;Vj 6= ∅} then one an nd a new resolution with ν = k. Let
us assume that (30) is suh a minimal resolution. Let us also note that
if V is dened by a omplete intersetion, then the Koszul omplex
provides a minimal resolution.
Given Hermitian metris on the Ej , Andersson-Wulan, [6℄, on-
strut a urrent, RV , whose annihilator sheaf is JV . This urrent has
the form
RV = RVP + · · ·+RVν ,
where the RVj are Ej-valued (0, j)-urrents with support in V and with
the Standard Extension Property with respet to V . For some reent
appliations of RV we refer to [3℄ and [4℄. If JV is Cohen-Maaulay
then ν = P and RV = RVP is ∂¯-losed, in fat, R
V
is then a tuple
of CHV -urrents. In general, R
V
is not ∂¯-losed but satises instead
∇FRV = 0, where ∇F =
∑
j Fj − ∂¯; in the ase that (30) is the Koszul
omplex this is the ∇-operator referred to in Setion 5.
Let f1, . . . , fq ∈ O(B) and assume that for eah ℓ ≥ P
(31) odim (Vℓ ∩ {f1 = · · · = fp = fj = 0}) ≥ ℓ+ p+ 1, ∀j ≥ p+ 1.
Then one an dene the produt
(32) ∂¯
1
f1
∧ · · · ∧ ∂¯ 1
fp
1
fp+1
· · · 1
fq
∧ RV
by an iterative proedure similar to the one desribed in Setion 3 and
the produt has the natural suggestive ommutation properties, see the
end of Setion 2 in [5℄. With our tehniques one an prove
Theorem 14. Let RV be the urrent in B desribed above and let
(f1, . . . , fq) be a tuple of holomorphi funtions in B that satises (31).
Then, with the notation and the hypothesis on the χ-funtions from
Theorem 1, we have∣∣∣ ∂¯χǫ1 ∧ · · · ∧ ∂¯χǫpχǫp+1 · · ·χǫq
f1 · · · fq ∧R
V .ϕ
−∂¯ 1
f1
∧ · · · ∧ ∂¯ 1
fp
1
fp+1 · · · fq ∧ R
V .ϕ
∣∣∣ ≤ C‖ϕ‖Mǫω,
for ⊕jE∗j -valued test forms ϕ in B.
22 JAN-ERIK BJÖRK & HÅKAN SAMUELSSON
To prove this we need Proposition 8 with µ replaed by RVj , j =
P, . . . , ν. Then Theorem 14 follows, e.g., by a double indution over
p and q and using that we already know that the produt (32) has
nie ommutation properties. In the indution steps one uses that the
involved ∂¯-operators may be replaed by −∇F -operators.
Let us indiate how to prove the required analogue of Proposition 8.
First of all, RVP has an integral representation similar to (10); see, e.g.,
Proposition 2.1 in [4℄ for details. Using this, the proof of Proposition
8 goes through with µ replaed by RVP . For R
V
j with j > P one uses
that RVj = aj ∧ RVj−1, where aj is a Hom(Ej−1, Ej)-valued (0, 1)-form
that is smooth outside Vj and moreover has the property that in a
suitable resolution π : V → V , π∗aj is a smooth (0, 1)-form bj divided
by a holomorphi monomial; again, see Proposition 2.1 in [4℄.
Now, for simpliity, onsider RVP+1 = aP+1 ∧ RVP and hoose suh
a resolution π : V → V that, apart from having the properties in the
proof of Proposition 8, also is suh that the preimage of VP+1 is a
normal rossings divisor. The proof then goes through if we establish
a somewhat more general division lemma, namely (see the proof of
Proposition 8 for the notation):
One an replae Ψ := du¯m+1∧· · ·∧du¯p∧bP+1∧π∗(dz¯I), |I| = n−p−1,
by a smooth form ξ, without aeting the integral (orresponding to
(21)), suh that (dx¯i/x¯i) ∧ ξ is Cr-smooth for an appropriate large r
and all i ∈ K.
This an be ahieved as follows. Put
ξ′ =
∑
J⊆K
(−1)|J |+1ΨrJ , where ΨrJ :=
r+1∑
j∈J,kj=0
∂|k|Ψ
∂xkJ
∣∣∣
xJ=0
· x
k
J
k!
,
f., the beginning of the proof of Lemma 9. One veries by indution
that ξ := Ψ − ξ′ satises (dx¯i/x¯i) ∧ ξ ∈ Cr for all i ∈ K. Moreover,
using (31) for ℓ = P + 1 and the tehnique of the proof of Lemma 9
one shows that ∂¯χǫ1 ∧ · · · ∧ ∂¯χǫm ∧ ξ′ = 0 so that Ψ may be replaed by
ξ without aeting the integral.
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